
Theorem: 

    Let 𝑓 be monotonically increasing on (𝑎, 𝑏). Then 𝑓(𝑥+) and 

𝑓(𝑥−)  exist at every point 𝑥 of (𝑎, 𝑏). More precisely  

      𝑎<𝑡<𝑥
𝑠𝑢𝑝

 𝑓(𝑡) = 𝑓(𝑥 −) ≤ 𝑓(𝑥) ≤ 𝑓(𝑥 +) =  𝑥<𝑡<𝑏
𝑖𝑛𝑓

 𝑓(𝑡) 

Furthermore, if 𝑎 < 𝑥 < 𝑦 < 𝑏, then 

                           𝑓(𝑥 +) ≤ 𝑓(𝑦 −) 

Proof: 

     Let 𝑓 be monotonically increasing function on (𝑎, 𝑏) 

                   ⟹ 𝑓(𝑡) ≤ 𝑓(𝑥)    ∀ 𝑡 ∈ (𝑎, 𝑥)  

   ⟹ 𝑓(𝑥) is an upper bound of {𝑓(𝑡)|𝑎 < 𝑡 < 𝑥} 

                   ⟹  𝑎<𝑡<𝑥
𝑠𝑢𝑝

 𝑓(𝑡)  exists and  𝑎<𝑡<𝑥
𝑠𝑢𝑝

 𝑓(𝑡) ≤ 𝑓(𝑥) 

              Let 𝐴 =  𝑎<𝑡<𝑥
𝑠𝑢𝑝

 𝑓(𝑡)  

Claim: 𝐴 = 𝑓(𝑥 −) 

  Let 𝜖 > 0 be given  

  Since 𝐴 =  𝑎<𝑡<𝑥
𝑠𝑢𝑝

 𝑓(𝑡) ,there exists 𝛿 > 0 such that 𝑎 < 𝑥 − 𝛿 < 𝑥  and  

                        𝐴 −  𝜖 < 𝑓(𝑥 − 𝛿) ≤ 𝐴 ⇢ (1) 

   𝑓 is a monotonic increasing on (𝑎, 𝑏) and 𝑥 − 𝛿 < 𝑡 < 𝑥 

                       ⟹ 𝑓(𝑥 − 𝛿) ≤ 𝑓(𝑡) ≤ 𝐴 ⇢ (2) 

From(1) & (2) 

       𝐴 −  𝜖 < 𝑓(𝑥 − 𝛿) ≤ 𝑓(𝑡) ≤ 𝐴 < 𝐴 + 𝜖    (𝑎 < 𝑥 − 𝛿 < 𝑡 < 𝑥)    

              ⟹ 𝐴 − 𝜖 < 𝑓(𝑡) < 𝐴 + 𝜖                (𝑥 − 𝛿 < 𝑡 < 𝑥) 

              ⟹  −𝜖 < 𝑓(𝑡) − 𝐴 < 𝜖                    (𝑥 − 𝛿 < 𝑡 < 𝑥) 

              ⟹ |𝑓(𝑡) − 𝐴| < 𝜖                             (𝑥 − 𝛿 < 𝑡 < 𝑥) 

              ⟹ 𝑓(𝑥 − 1) = 𝐴 

      𝑎<𝑡<𝑥
𝑠𝑢𝑝

 𝑓(𝑡) = 𝑓(𝑥 −) ≤ 𝑓(𝑥)  ⇢ (3) 

𝐼𝐼𝐼𝑙𝑦  we can prove that  

                  𝑓(𝑥 +) =  𝑥<𝑡<𝑏
𝑖𝑛𝑓

 𝑓(𝑡)  ⇢ (4) 



From(3) , (4) and 𝑓(𝑥) ≤ 𝑓(𝑥+) 

   ∴  𝑎<𝑡<𝑥
𝑠𝑢𝑝

 𝑓(𝑡) = 𝑓(𝑥 −) ≤ 𝑓(𝑥) ≤ 𝑓(𝑥+) ≤  𝑥<𝑡<𝑏
𝑖𝑛𝑓

 𝑓(𝑡)  

     Let 𝑎 < 𝑥 < 𝑦 < 𝑏 

            𝑓(𝑥 +) =  𝑥<𝑡<𝑏
𝑖𝑛𝑓

 𝑓(𝑡) =  𝑥<𝑡<𝑦
𝑖𝑛𝑓

 𝑓(𝑡)  

    Also 𝑓(𝑦 −) =  𝑎<𝑡<𝑦
𝑠𝑢𝑝

 𝑓(𝑡) =  𝑥<𝑡<𝑦
𝑠𝑢𝑝

 𝑓(𝑡) 

     We know that, 

                               𝑥<𝑡<𝑦
𝑖𝑛𝑓

 𝑓(𝑡)  ≤  𝑥<𝑡<𝑦
𝑠𝑢𝑝

 𝑓(𝑡) 

                               ⟹ 𝑓(𝑥 +) ≤ 𝑓(𝑦 −) 

                              Hence proved. 

 

Theorem: 

      If 𝑓 is monotonic on [𝑎, 𝑏].   Then the set of discontinuities of 𝑓 is 

countable. 

Proof: 

     Let 𝑓 be a monotonic increasing function on [𝑎, 𝑏] and 𝐸 be the set 

of all discontinuities of 𝑓 on (𝑎, 𝑏). 

   Let 𝑠𝑚 = {𝑥𝑘 ∈  (𝑎, 𝑏)|𝑓(𝑥𝑘 +) − 𝑓(𝑥𝑘 −) ≥
1

𝑚
}     ∀ 𝑚 ∈ 𝑁 

      Clearly 

     𝐸 = ⋃ 𝑠𝑚  ⇢ (1)∞
𝑚=1  

     Let 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛−1 be in 𝑠𝑚.  

 By theorem, 

            ∑ [𝑓(𝑥𝑘 +) − 𝑓(𝑥𝑘 −)] ≤ 𝑓(𝑏) − 𝑓(𝑎)𝑛−1
𝑘=1  

             ⟹ ∑
1

𝑚
 ≤ 𝑓(𝑏) − 𝑓(𝑎)𝑛−1

𝑘=1  

             ⟹
𝑛−1

𝑚
≤ 𝑓(𝑏) − 𝑓(𝑎) 

Since 𝑓(𝑏) − 𝑓(𝑎)  is always finite, 

         𝑠𝑚 must contain only finite no of elements of (𝑎, 𝑏) 



      ∴ 𝐸  is the countable union of finite set              (𝐵𝑦(1)) 

          ⟹ 𝐸  is countable. 

          ⟹ the set of discontinuities of 𝑓 on [𝑎, 𝑏] is countable. 

𝐼𝐼𝐼𝑙𝑦 we can prove the result if 𝑓  is monotonically decreasing on [𝑎, 𝑏] 

                                Hence proved.  


