Theorem:

Let £ be monotonically increasing on (a, b). Then f(x+) and
f(x—) exist at every point x of (a, b). More precisely

e FO = fx) SO S flae4) = T, FO
Furthermore, if a < x < y < b, then
fx+H) < fly-)
Proof:
Let f be monotonically increasing function on (a, b)
= f(t) < f(x) VtE (ax)
= f(x) is an upper bound of {f(t)|a < t < x}
= Sh . f(®) existsand 2 _ f(O) < f(x)
LetA = 52, f(O
Claim: A = f(x —)
Let e > 0 be given
Since A = B _ f(t) there exists § > 0 such thata < x — § < x and
A—-—e<f(x—6)<A-(1)
f is amonotonic increasingon (a,b) andx — 6 <t < x
= fx—=8)<f(t)<A»(2)
From(1) & (2)
A—-e<fx—0)<f(t)<A<A+e (a<x—-06<t<x)

=A-e<f(t)<A+e (x—6<t<x)
= —e<f(t)—A<e (x—6<t<x)
= |f(t) - Al <e (x—06<t<x)
= f(x—1) =4

P fO=fx=)<fx) > (3)

1Y we can prove that

fa+) =, f©) - (4)



From(3),(4) and f(x) < f(x+)
F P FO=fx)Sf@) S FOb) < W, F©
Leta<x<y<b
faH) =, f© =3 f©
Also f(y =) = odiay fF(O) = 300, fO
We know that,
ey () < 3O F©

= fxH) <fly-)

Hence proved.

Theorem:

If f is monotonic on [a, b]. Then the set of discontinuities of f is
countable.

Proof:

Let f be a monotonic increasing function on [a, b] and E be the set
of all discontinuities of f on (a, b).

Let s, = {xi € @b)|fG H) = fe =) 2=} VmeN
Clearly
E=Upn=15n > Q)
Letx; < x, < < x,_q beins,.
By theorem,
k=alf G +) = f G I < f(B) = f(@)
= Yil— < f(b) - f(@)
= =< f(b) - f(a)
Since f(b) — f(a) is always finite,

S, must contain only finite no of elements of (a, b)



=~ E is the countable union of finite set (By(1))
= E is countable.
= the set of discontinuities of f on [a, b] is countable.
111V we can prove the result if £ is monotonically decreasing on [a, b]

Hence proved.



